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ABSTRACT. Let B be a closed subalgebra of L® of the unit circle which
contains H® properly. Let C be the C*-algebra generated by the inner
functions that are invertible in B. It is shown that the linear span H® + Cp
is equal to B. Also, a closed subspace (called ¥MOp) of BMO (space of
functions of bounded mean oscillation) is identified to which B bears the
same relation as L* does to BMO.

1. Introduction. Let L® denote the space of essentially bounded Lebesgue
measurable functions on the unit circle. Let H® denote the subspace of
functions in L* with vanishing negative Fourier coefficients. The algebras
studied here are the closed subalgebras of L® which contain H® properly.

The interest in such algebras originated, to a large extent, in a question
asked by R. G. Douglas [1]. Suppose B is a closed subalgebra of L® which
contains H®. Let B, be the closed subalgebra of L* generated by H* and the
complex conjugates of those inner functions (that is, unimodular H* func-
tions) that are invertible in B. Douglas asked: Is B, always equal to B? (If so,
we call B a Douglas algebra.) The question has recently been answered
affirmatively by D. Marshall [2] using a result in [3].

Another interesting question arose in the study of Douglas’ problem. All
subalgebras of L* containing H® which have been investigated in detail share
certain structural characteristics. (For a survey of some of this work see [4].)
Sarason [5] pointed out the phenomenon and asked, in particular, the
following question: Let B be a closed algebra between L and H®. Let Cy be
the C*-algebra generated by the inner functions that are invertible in B (which
is the same algebra generated by all quotients of inner functions invertible in
B). Is it true in general that B = H® + Cp ?

The largest such algebra is L*. R. G. Douglas and W. Rudin [6] have
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proved that L% is the closed algebra generated by quotients of inner functions
in H®. By a theorem of K. Hoffman and I. M. Singer [7], the smallest such
subalgebra is the closed algebra generated by H* and C, where C denotes the
algebra of continuous functions on dD. D. Sarason [8] has proved that this
closed algebra is in fact equal to H® + C, the linear hull of H® and C. For
E an arbitrary subset of 9D, let Lz denote the set of functions in L*® that are
continuous on E. A. Davie, T. Gamelin and J. Garnett [9] have extended the
preceding result by showing that the closed subalgebra of L® generated by H®
and L coincides with H® + L, the linear hull of H* and Lg. In addition,
they have proved that L is the algebra generated by functions of the form
b, b,, where b; and b, are Blaschke products whose zeros do not cluster at any
point of E.

Sarason’s question has been answered affirmatively for some other subalge-
bras of L® containing H*® [10], [11]. In §2 below, I shall give an affirmative
answer to this question in general.

In the examples mentioned above, a concrete description of the C*-algebra
Cp in terms of properties of the original algebra B has been given. The effort
to get similar results for general Cp has not been successful. However, Sarason
[11] has studied a closed subspace ¥MO (functions of vanishing mean
oscillation) of BMO (functions of bounded mean oscillation), and obtained
results which, roughly speaking, tell that the relation of the closed algebra
H® + C to the space VMO is like the relation of L* to BMO. For example,
if we let QC (for quasi-continuous) denote the C*-algebra (H® + C)
N (H® + C), then YMO = QC + OC = C + C. (For a subspace S of L®,
we let § denote the collection of complex conjugates of functions in S, and §
denote the collection of harmonic conjugates of functions in S.) Using a
method similar to Sarason’s, S. Axler [12], T. Weight [13] and the author [10]
have obtained parallel results for other specific subalgebras between H* and
L*. In §§3 and 4 below, I generalize these results and obtain, for any
subalgebra B between L® and H®, a corresponding closed subspace VMOp
of BMO. Theorems 6 and 7 say that B bears the same relation to VMOp as L
does to BMO.

The following are some notations used in this paper. Let L' and I? denote
Lebesgue spaces of integrable and square integrable functions with respect to
normalized Lebesgue measure on the unit circle. Let H !'and H? denote the
corresponding Hardy spaces. Let Hol and H;° denote the functions in H "and
H®, respectively, with mean value 0. For a subset S of L*, let H®[S] denote
the closed subalgebra of L® generated by H® and S. If S consists of a single
function £, denote H*[S] by H®[f]. For a function fin L*, the norm ||f]| is
the essential supremum of | f| on dD. For a subspace S of L, the distance of
fto S is given by d(f,S) = inf{||f — gll,g € S}. Finally, for a function f in
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L' of 3D, let f(re'?) denote the harmonic extension of f into the unit disk D by
means of Poisson’s formula, i.e.,

16 = 5 [ 10RO - i,

where P(r,7) = (1 = r?)/(1 = 2r cost + r?) is the Poisson kernel.

I am deeply indebted to Professor D. Sarason, not only for suggesting the
problem and giving invaluable aid during the research, but also for teaching
me about BMO in his course. I am also grateful to Professor J. Garnett for
various helpful suggestions and discussions. I would like also to express my
thanks to Professor C. Fefferman for a stimulating discussion about the
subject.

2. Structure of subalgebras between L* and H*. We will begin with a
theorem of A. Bernard, J. Garnett and D. Marshall.

THEOREM 1 ([14, THEOREM 2.1]). Let f € L°, d(f,H®) < 1. Then there is
unimodular function uy € L such that uy € f+ H® and d(uy, Hy’) = 1.

In [15] there is a sharper theorem: If f € L®, and if the coset f+ H®
contains two functions of norm < 1, then it contains a unimodular function.
But the proof of Theorem 1 in [14] is much shorter, and gives in addition a
unimodular function in the coset whose distance to Hy° is 1. We briefly
indicate how to find the function here.

ProOF. We may assume without loss of generality that ||f]| < 1. Write
a = sup{|f ud8/2x|: u € f+ H®,||ul| < 1}. Since H® is weak-star closed, a
compactness argument shows there exists an extremal function u, such that
Iy u0d0/277| = a. It follows easily from the extremal property of u, that
d(uy, Hy°) = 1 and |luyll, = 1. Now an argument using the duality between
L*/Hj w and H' can be applied to show that any function u in L® with the
properties [lull, < 1,d(u,H®) < 1 and d(u,H;°) = 1 is unimodular. In
particular, u is unimodular. (Details of the proof are in [14].)

The following fact was indicated to me in a discussion with D. Sarason.

THEOREM 2. Let f be a unimodular function in L®. If d(f,H®) = 1, and
d(f,H® + C) < 1, then f € H*®[f].

PROOF (SARASON). For the given f € L®, let T; be the Toeplitz operator
associated with f, ie., 7} is the bounded map from H? to H? defined by
T (h) P(@h), where P'is the orthogonal projection from I? to H2.

Smce f is unimodular and d(f,H®) = 1, T; is not left-invertible ([16,
Lemma 1]). Since d(f,H® + C) < 1, Tis left-Fredholm [17]. Thus the range
of T;is a closed subspace of H*, 2 and the null space of T:is nontrivial. It then
follows from a theorem of Coburn [18] that the null space of T* is trivial.



322 S.-Y. A. CHANG

Henc_e T; is onto and so right invertible. Thus, T; is Fredholm, which implies
that fis in H*[f] by [19, 7: 33]. ([19] also lists all other results concerning the
Toeplitz operator used here.)

The next lemma follows easily from the above theorems.

LEMMA 1. Let h € H®, and let b be an inner function such that d(bh, H*)
< 1. Then there is an inner function by in h + bH* with by € H®[b].

REMARKS. (1) The existence of inner functions by in h + bH™ is proved in
Satz 7 of Nevanlinna’s work [20] in case b is a Blaschke product. But it is not
clear whether the b, constructed in his proof is invertible in H*[B].

(2) If b = 2", then Lemma 3 in slightly generalized form is contained in
Carathéodory’s classical theorem [21]: If A € H®, ||h|l, < 1, then there
exists a finite Blaschke product u, (with < n zeros) whose power series
expansion agrees with that of 4 in the first n-coefficients.

PrOOF OF LEMMA 1. For the given & € H® and inner function b, let f = bh,
so that d(f, H®) < 1. Applying Theorem 1 to f, we get a unimodular function
uy in bh + H* with d(uy, Hy°) = 1. We claim that 7, € H ®[b]. To see this,
let ¢ = uyz. Then d(p, H®) = d(up, Hy') = 1 and d(zp, H®) = d(ug, H)
= d(bh,H®) < 1. So we can apply Theorem 2 to ¢, concluding that
7 € H®[¢] = H®[uyz] = H®[bhz] C H®[b]. So %, = zp € H™[B]. Let
by = tyb, s that by € h + ug H* . Then by is inner and by = #b € H*[b].

The following theorem is our main result.

THEOREM 3. Let B be any closed subalgebra of L containing H*. Let Cpg be
the C*-algebra generated by inner functions that are invertible in B. Then the
linear span H* + Cp is a closed algebra, and is equal to B.

To prove Theorem 3, we first make a simple observation which is a direct
consequence of Lemma 1 above.

REMARK. If B is a closed subalgebra of L® containing H®, if b is an inner
function in Cg, and if A is in H ® then there exist functions ¥ € Cp and
g € H® with [|u]l < 2|lAll, llgll < 3[4l and bh = u + .

Proor OF THEOREM 3. Since B is a Douglas algebra, for any f € B, there
exists an inner function b, € Cp, and an by € H® with ||f — b i || < 1A
Applying the above remark to the functions h, and b;, we get u; € Cp, g
€ H*, with ]| < 2k < 4171l lg )l < 3,1l < 6l7l, and Bk =
+ g. Let fy = f — b hy; then f; € B, and we can apply the above procedure
to the function f,, getting an inner function b, € Cg, an H® function hy, a
u, € Cp, and a g, € H®, with [If; = Byhy || < 3llAj 1l bhy = uy + g3, lluy |l
< 2llbyl < 4llfll, and llgy | < 3llkyl < 6lLf I Tterating, we get £, € B, ,
€ Cp, 8, €E H°(fy =f)n=1,2,3, ... such that
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)] £ =fo1— (u, + g,), A< 3lf-y ]
) lugl < 4llf-i Ml llgall < 6l I

Henceu = 32, u,isin Cp g = Spe g,isin H®,and f = 32, (u, + g,)
= u+g € H® + Cp. Since the linear span H® + Cj is obviously contained
in B, we have proved the theorem.

For B a closed subalgebra of L* containing H*, let 0y = B N B. Then
Qp is the largest C*-algebra contained in B. As Q g contains Cp, the following
statement follows immediately from Theorem 3.

COROLLARY 1. If B is any closed subalgebra of L* containing H*®, then
B=H"+ Q.

3. Descriptions of C*-algebras Cj, Qp for B = H®[B]. Suppose b is an
inner function and B = H*[J] is the closed subalgebra of L® generated by
H® and b. This section concerns the C*-algebras Cp and Qp of B. It turns
out, though the general description of Cy and Qp as subalgebras of L seem
difficult to give, we can give a quite satisfactory description of the subspace of
BMO corresponding to Cp and Qp.

For a function fin L' of 3D and a subarc I of 3D, let f, = (1/|1]) f; f()) at,
where dt denotes the Lebesgue measure on 0D and, |I| denotes the arc length
of the arc I. For each real number a, 0 < a < 27, we define M,(f)
= sup”Ka(l/lll)fl |f = f;|dt, and we let ||f|l, = lim,_,,, M,(f) and My(f)
= lim,_, M,(f). We say that the function f has bounded mean oscillation, or
belongs to BMO, if ||f|l, < 0. We say the function f has vanishing mean
oscillation, or belongs to VMO, if My(f) = 0.

For a subarc I of 3D with center ¢ and measure 28, let R(I) = {re®| |0
- t|< 8,1 =8 < r < 1}. A finite positive measure u on D is said to be a
Carleson measure if there exists a constant C such that w(R(/)) < C|I| for all
subarcs I of 3D. One of the main results of C. Fefferman and E. M. Stein [22,
Theorem 3] is the following theorem, which gives several alternative descrip-
tions of the space BMO: (This is the special case of their theorem for the unit
circle.)

THEOREM 4 (FEFFERMAN AND STEIN). For a function f defined on 3D the
Sollowing conditions are equivalent:
(1) f € BMO.
(2) f = u + ¥ for some functions u, v € L*, where § denotes the harmonic
conjugates of v.
(3) f € L' and the measure s on D defined by
dp=(1- r)IVf(reio)lzrdrde

is a Carleson measure, where
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. 2 2
e = | L] + 5| G|

Furthermore, if C = sup; <2:(//[I[)u(R(I)), then there exists an absolute
constant 4, with C < 4, [Iflly.

In [11], D. Sarason studied the space ¥MO, and gave several alternative
descriptions of the space. One of his results is the following theorem:

THEOREM 5 (SARASON). For a function f defined on 3D and in BMO, the
following conditions are equivalent:

(1) f € VMo.

(2) f = u + ¥ for some functions u, v € C.

Sarason’s work suggests that we look at the subspace Cp + Cpin BMO. As
we shall see later, this subspace is a closed subspace of BMO, and there are
several alternative descriptions of the space analogous to those of BMO in the
Fefferman-Stein theorem.

We begin with some notations and definitions.

For each 0 < 8§ < 1, let G be the region { f € D| |b(z)|> 1 — 8}. For each
8 > 0, and real number a; > 1, let §5, ) denote the collections of all subarcs
I of the circle of the form I = {¢"| |t — 8|< a(1 — r)} for some point
re’® € G, and some real number 1 < a < a4, with a(1 — r) < . For each
¢ > 0, let a, be the smallest integer 2V such that 2 372y (1 + 2n)/2" < & We
define ¥MOy to be the space of all functions f in BMO with the following
property: For every e > 0, there exists a § > 0, such that (1/|I]) ; |f — £
< e whenever I € §5,.

The following theorem is our main result.

THEOREM 6. For a function f defined on 9D and in BMO, the following
conditions are equivalent:

(1) f € YMo0,.

(2) f = u + ¥ for some functions u,vin Qg = B N B.

(2)@) f = u + 7 for some functions u, v in Cpg.

(3) Given e > 0, there exists some 8 > 0 such that the measure g on D defined
by dpg = xg,(1 = N|Vf IzrdrdO is a Carleson measure with ps(R(I)) < €lI| for
all subares I of 3 D.

The equivalence between conditions (1) and (2) in the above theorem have
been verified for some specific Douglas algebras by S. Axler [12], T. Weight
[13] and the author [10]. Condition (3) has been established in the special case
B = H® + C by D. Stegenga [23].

Let Ly denote the collection of functions in BMO satisfying condition 3)
above. To prove the above theorem, we first quote two results from [3].
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LemMA 2 [3, THEOREM 6). Suppose f € Lg. There is an absolute constant C
such that for every ¢ > 0,

fl; f_ :f OB Ok dr| < Ce2|Ifll, Ikl

forallk € Hol N H*, when the positive integer n is sufficiently large.
LemMMA 3 [3, THEOREM 8]. Ly N L*® = Qz (= B N B).

REMARK. In [3], Lemma 2 was proved for functions f € Ly N L®, but the
same proof, with the constant ||f]| replaced by [|fll, whenever it appears, will
work for functions f € Lg.

LEMMA 4 (JOHN-NIRENBERG [24, LEMMA 1}). Suppose f is a function in BMO
and I is a subarc of 3 D. For each s > 0, let N(s) be the set of points on I where
|f = f;| > s, and let |\(s)| denote the measure of N(s). Then there exist constants
A, a, and s, (independent of f) such that

A4 _ . —as/lfl
foralls 2 ||fllyso-

The estimates in the following lemmas will be used to establish the
equivalence of (1) and (2), (3) in Theorem 6. The proofs presented here are

only slight modifications of those in [22].
LemMA 5. Let f € BMO and (1/|1)) §; | f — f;|dt < &. Then

WD f,1f = fi*de < Gy l1fl

where C, is an absolute constant.

ProoF. The lemma follows easily from Lemma 4 above, and the observa-
tion that if we let #, = ||fll sy (5, as in Lemma 4), then the condition
(/111) 7 1f = fy] dt < e implies that |A(zp)lty < el7].

LEMMA 6. Let f be a function in VMOpg, and let € > 0. Let § be as in the
definition of VMOp. Suppose zy = rye'® € Gy, ry > 4. Let Iy = {¢"] |t — 8,
< 1 =1r}. Then

1 r=
A(Io) = Z;f_v 1f() "f]o‘P("o,ao - 1)dt < Cye,
where C, is a constant depending only on ||fll,.

PrOOF. Let , be the arc with the same center as [, and measure 2"|y|. Let
N be the integer such that a, = 2N, we carry out the proof for the case
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2V |I,| < . (The same proof works in the contrary case, with a slight change
in the constant C,.) We have

1 N
Alp) = 5~ nzofl,.\l,._. |£(2) = £, | P(rg. 8 — 1) dlt

1

The estimate

1 |1
I, Al < mfl,.-. |f = f,ldt <

| 1
o — - <
I—l Ilnlj.ln |f fln|dt x 28,

valid forn =0, 1, ..., N gives
n
o=l < 2 U, ~ ) <208 n=0,12... N,
which, together with an elementary estimate of P(ry,f, — ¢), yields
Jrenor VSO = £l 1P, 8 = Dl

a1

STl |1 | 227 (j;El,, (f@) = A1+ 14, —f,ol)dt)

2

2n—l I, |f€1 (£@) = fi,| + 2ne)ar

2] + 2n

2n_ - & n=0,l,...,N.

//\

Hence

N o N 1+2n
@ I f, VO-5Pas-0 < (2, )er

Using similar estimates we get, for N, the largest integer such that 2N'|1 |
< 2,

1
ELD\I 1f@) _ﬁolp(ro:oo - 1)dt

-5 2 AL CRIAT RORDE

@ 435 fy O = 1, P, =

|+2N

—— Il + 7 —5— /i

< enflfll, (by definition of ae).

o0
<ﬂ2 l+2n

n=N
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Hence A(f;) < Cyefor C, = (3,2, (1 + 2n)/2" + |Ifll, ).

ProOF OF THEOREM 6. We will first establish the equivalence between (2)(a)
and (3).

(2)(a) = (3). Suppose f = u + 7 for some u, v € Cg. Since Cy C Qp, by
Lemma 3, u € L. Since the space Ly is closed under harmonic conjugation,
the same reasoning gives that 5 € L. Hence fis in Lpg.

(3) = (2)(a). Suppose f is in Lg. Since Ly is closed under complex
conjugation, we may assume without loss of generality that f is real-valued. By
Theorem 4, there exist u, v in L® such that f = u + 5. Let g = u + iv. Then
g € L®. We have (7 (f—g)hdt = [T (5 — iv)hdt = 0 for all h € H'
N H®. Applying Lemma 2 to f, we get, for any ¢, |(1/27) JI gb"kdt|
< ¢/ 2Ilklll I flly, for all k € Hy N H*® and for n sufficiently large. Since the
quotient space L®/H® is the dual of the space HO', this implies that
d(gb", H*) (which equals the norm of the functional that gb" induces on Hol)
tends to 0 when n tends to . Hence g € B. Applying Theorem 3, we can
write g = r + h for some r € Cp, h € H®. Thus f— if = g — ig = r — iF
€ Cy + Cp. Taking complex conjugates on both sides of the above equality,
we get f+ if = F+ iF € Cy + Cp. Hence f € Cp + Cp. The proof is com-
plete.

It now follows easily that (2) and (3) are equivalent, since (2) = (3) by the
same reasoning as (2)(a) = (3), and (3) = (2)(a) = (2).

The equivalence between (1) and (2), (3) follows from the following three
assertions:

(@) BN B C VMOy.

(b)If u € VMOg N L® then i € VMOy.

(c) VMO, C Ly.

PrOOF OF (a). Since B N B is a C*-algebra, and so is spanned by its
unimodular functions, and since YMOg N L™ is a closed subspace of L%, it
suffices to show every unimodular function in B N Bis in VMO,.

For fixed ¢ > 0, and f a unimodular function invertible in B N B, let & be
any positive number less than [2(4n(1 + af) + 1)] "¢, and choose & > 0 so
that |[f(z)| > 1 - s,3 for all points z in the region Gj. (The existence of such &
is asserted in the proof of Theorem 7 in [3].) Then apply the same type of
estimate as in the proof of Theorem 3 in [11], we can show that whenever I is
a subarc of the form {e"| | — 8|< a(1 — r)} in §(5, a,), we have

. (] + o2
ﬁf, |f(e") = flae < 2(&}5& + 1)e,

< 2(4#(1 + aez) + g < e
Hence fis in YMOy.
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PrOOF OF (b). Let u be a function in ¥MOp, and assume without loss of
generality that u 1s real valued. Given & > 0, let ¢, ¢, be two numbers
satisfying 2a < 2a < a,, . Choose 6 > 0 corresponding to ¢, for u as in the
definition of VMOB, ie.,

1
sup — | |lu—u;|dt < e
leg(,,ﬁ,lllfl =

Fix a subarc I € ), we will show that (1/111) f; @ — a,)dt < e. Let J be
the subarc with the same center as I and twice the dimensions. Let y
= x;(u = u;), u = xyp\s( — u;); then we have

1 21 (11—
5) Wi [, 1a - <Em [, g, = @)l d.
Since [|& [, < lly I,
s e L (M lme L% wia
|1I.f1|ul| dt < IIlL Iull dt < |Ilf-" lull
_ 1 2
= mf’ lu = uy|"dr < 26, C llull,-

The last step of the above inequality follows since J € Y4 a,,)> SO We can
apply Lemma 5. Thus

1 . _ 1 _
il = @) P < o g f e+ )
< 2. 482 Cl ”uIL = 852 Cl "uIL,
SO
1
©) oy b = )il < Bey i)™,

To estimate (1/1]) f; @, — (&,),]dt, we let f = u, + iy, ie.

e+ z
1O = 35 f o, T = )
This formula holds on I as well as in D. Differentiating f, we get

f@=1f

aD\J(u )(u(f) u;)dt.

Let /% be the center of I, and zo=0-41 [)e®; then for e € I, we have
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is |uu(e) - uJ|
7€ <3 foy i
C3 |u(r) — “JI 722
ji;D\J |e" T dt where C; = (1 + 2] )
G, |u(e) = “1' 2
< 7(J;D\J e~ | 7t + mlul - uﬂ)

Cyf (7 lu—u ])
<7(f_,,|eiz_zo'2df+ezlll .

Since each interval with the same center as I and with length < g, lI | is in
a,; we can apply the same method as in Lemma 6 to esumate S
= (l/21r)f lu—u|/le" = zol dt and get

< @/1))(Cyey + gy mllully).
Hence

7 < l}, Gty + gl + 4e)

=1 C4 for some constant C,(depends on ¢ ,62)
Hence the oscillation of f over I does not exceed C,;. And the same applies
to Imf = #,, i.e.

™ i 1= @)la < c..

From (5), (6), (7) we get (1/[11) f; lu — ul,dt < eif ¢, ¢, are chosen sufficient-
ly small. This concludes the proof of (b).

PrOOF OF (c). The proof given here is a slight modification of the proof of
Lemma 4 in [22]. Suppose f is a function in ¥MOp. Given & > 0, choose ¢
smaller then ¢, to be fixed later, and let § correspond to ¢ for f as in the
definition of ¥MOy. Let 2y = rye'® € Gy with ry > 4, and let S(8, ) be the
region {re’®| |9 — 00|< 4(1 = ry), iy < r < 1}. Then as indicated in Theorem
6 in [3], to show fis in Ly, it suffices to show

[y @ =PIV Prdedd < o1 = ).

To do this, let J = {| |t — 8,1< 5(1 = rp)}, I = {e| |t — 8| < 1 =y}, f;
= x;(f = ;). 5 = xap-,(f = f;)- Then
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2 2
f[g("o»’o) (1 =n|VAI rdrdd < ffD (1 = n)|VA| rdrdd

/1

2 1 1
< J[, 1WA Priogdrds = 5 [ 1f - fidr < Sie Gl

The last inequality follows if we assume a, > 5 (which is so when ¢ is
small), so that J € $(5,4,)> €nabling us to apply Lemma 5. Moreover,

i L7 it
V50 < 57 [ 1VP(58 = D] 1£;(e")] e
- 1 l it
=/ D\ o T re,.,,lzlf(e' ) = fylar.
Hence if re’® € $(8,, ), we have

e < s [T (e =214 1))

llt zl

<le(m f(") = Al

T 5 - Ieit__zolz

27
dat + 2If,—fJI
]_ro

4

| 7] Cs(2mCy e, + Se;) (by Lemma 6)

1
= C6|—I—(8’ for some constant Cg.

Thus
- 2 22 1 _
ffg("o"o) 3 r)IVf2| rdrdf < f»[?(f?o.ro) Céei |1|2(l r)drdf

2zzlz(l - 1)

Since |Vf]* < 2(|Vf,| + |Vf2| ), from mequalmes (8) and (9), we get the
desired conclusnon i fs("o"o) (1- r)|Vf1 rdrdf < ¢(1 —ry) if we choose a
suitable ¢, . Thus the proof of the theorem is complete.

©)

4. Description of C*-algebras Cp, Qp for H® C B C L*. Suppose B is a
closed subalgebra of L* which contains H*®. Then, as stated in §1, B is a
Douglas algebra. Suppose B is generated by H® and a collection {b,} of
conjugates of inner functions, where A runs over some index set E. For each
A € E, let B, be the closed subalgebra H®[b,]. For each finite subset F C E,
let B be the closed algebra generated by B,, for all A € F, and let b be the
inner function [[, < by . Then it is easy to see that B = H*[b]. For each
8 >0, let Gg(br) = {z € D| |bp(z)|> 1 — 8}. For each finite subset F C E,
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each § > 0, and each real number aq, let §;,\(F) = {I|/I = {¢"| | - 6|
< a(l = r), with re”? € Gs(bg), a(1 — r) < 7}, where 1 < a < ap)}. For each
€ > 0, let a, be the same integer as in §3. We define VMO to be the space of
all functions f in BMO with the following properties:

For every ¢ > 0, there exists some § > 0, and some finite subset F of E,
such that (1/|1]) f; |f— f;|dt < e whenever I € $6.4,)(F). The following
theorem is parellel to Theorem 6:

THEOREM 7. Let B, by, E, F, 8, bg, Gy(bg), VMO be defined as above. For a
function f defined on 3 D and in BMO, the following conditions are equivalent:

(1) f € YMOg.

(2) f = u + 7 for some functions u, vin Qg = B N B.

(2)(a) f = u + ¥ for some functions u, v in Cp.

(3) Given € > 0, there exists some 8§ > 0 and some finite subset F of E, such
that the measure ps(F) on D defined by duy(F) = sz(bF)(l - n|Vf IzrdrdB is
a Carleson measure, and ps(F)(R(I)) < ¢|1| for all subarcs I of 3D.

In view of Theorem 4 in [3] (which says that the collection of functions in
L” which satisfy condition (3) in Theorem 7 above is the C*-algebra Q) and
the argument used to establish Theorem 7 in [3], it is easy to see the same
proof of Theorem 6 which pertains to the special case B = H®[b], also work
for general algebra B after some slight modification. We will skip the details
here.

The following corollary is an immediate consequence of Lemma 3 (which
holds also for general B) and Theorem 7. It gives some information about the
boundary behavior of functions in the subalgebra Qp, and hence answers
another question proposed by D. Sarason in [5].

COROLLARY. Qg = VMOp N L*® = (Cy + Cp) N L™.
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